Mathematically rigorous derivation of the hadron matter equation of state within the induced surface and curvature tensions approach is worked out. Such an equation of state allows one to go beyond the Van der Waals approximation for the interaction potential of hard spheres. The compressibility of a single-and two-component hadron mixtures are found for two-and threedimensional cases. The obtained results are compared to the well known one-and two-component equations of state of hard spheres and hard discs. The values of the model parameters which successfully reproduce the above-mentioned equations of state on different intervals of packing fractions are determined from fitting their compressibility factors. It is argued that after some modification the developed approach can be also used to describe the mixtures of gases of convex hard particles of different sizes and shapes.
I. INTRODUCTION
Elucidation of the effects of dense medium influence on the properties of interaction and, more generally, on the properties of constituents of the considered system is an important, but hard task of many body theory. In particular, a gradual transition from the excluded volume regime which "works" at low densities in a gas of hard spheres to the eigen volume regime which should be used at high densities of hard spheres near the transition to a solid phase is well studied, but the question is how one can generate such a transition in case of several different hard-core radii for the relativistic systems in which the number of particle is not conserved. From the famous Isihara-Hadwiger (IH) formula [1] [2] [3] for the excluded volume of convex hard particles 2V excl = 2V eigen + S eigen (R 1 + R 2 ) one can easily deduce that at high densities either the surface term proportional to eigen surface S eigen of particle, or the mean curvature radii R 1 & R 2 of particles should disappear from the IH equation, if one is able to account for the influence of dense medium.
More specifically, one can state that even in the simplest systems like the mixture of gases consisting of several kinds of particles with different hard-core radii, i.e. in a multicomponent case, there is a problem of how a dense thermal medium modifies the eigen surface and curvature tensions of the constituents (which can be molecular or nuclear clusters or even quark-gluon plasma bags). Although in the research of one-component systems [4] of hard spheres and hard discs such effects were not studied yet, from the above example on IH formula it is clear that such effects should be present in these systems as well. The situation started to improve with the recent invention of the concept of induced surface tension (IST) [5] , which not only allows one to identically rewrite the hard-core repulsion in terms of volume and surface parts, similarly to the IH equation, but also it allows one to go beyond the second virial coefficient approximation and to reproduce the third and fourth virial coefficients of hard spheres [6, 7] using a single additional parameter compared to the Van der Walls (VdW) equation of state (EoS) for the hard spheres.
It turns out that the IST concept is very helpful, since it also provides an essential improvement of modeling the properties of one-component nuclear [8] and neutron matter [9, 10] EoS with the minimal number of adjustable parameters. Moreover, it helped to resolve some severe theoretical problems of multicomponent hadronic [6, 7, 11] and nuclear [5] systems. In contrast to the non-relativistic systems, in the above mentioned ones the number of particles is not conserved, since in some cases the typical temperatures are comparable to the mass of lightest hadrons, i.e. pions. The conserved quantities are the baryonic, electric and strange charges. Apparently, a transformation of the EoS of multicomponent system with the hard-core interaction from the canonical ensemble to the grand canonical one is highly nontrivial. Therefore, the IST EoS [5] [6] [7] [8] [9] [10] [11] whose number of equations is always two and it does not depend on the number of different hard-core radii, is a very effective and convenient tool to study the multicomponent systems in the grand canonical ensemble.
However, the IST EoS was derived heuristically [5, 7] in order to demonstrate the physical source of the surface tension coefficient generated by the interaction among the constituents. Furthermore, extension of the applicability range of the multicomponent hadronic EoS to the packing fractions η = k ρ k v eigen hard spheres works very well up to η 0.45 [4] . Therefore, in this work we present a mathematically rigorous derivation of the IST EoS for any number of different hard-core radii, generalize it by including the equation for the curvature tension, and then we extrapolate it to high densities.
Since the suggested phenomenological approach is rather general, we apply it not only to the description of the gases of one-and two-component hard spheres, but also to the EoS of hard discs analyzed in Refs. [14, 15] . The auxiliary parameters which are introduced into the obtained equations are determined from fitting the compressibility of the hard spheres and hard discs EoS with one and two hard-core radii. As we argue, our approach allows one to make an important step towards the development of a unified approach to model the multicomponent systems with many sorts of constituents and shapes in arbitrary dimensions.
The work is organized as follows. In Section II we analyze the excluded volume of the mixture of gases of Boltzmann particles with different hard-core radii and using the self-consistent approach we derive the EoS with the induced surface tension and its generalization which accounts for the curvature tension. Their generalizations which allow one to account for higher virial coefficients of gases of hard spheres and hard discs are also worked out in this Section. Section III is devoted to the comparison of the IST EoS with the one-component Carnahan-Starling EoS for hard spheres and the one-component Barrio-Solana EoS for hard discs. A thorough comparison of the IST EoS with the two-component EoS of hard spheres and hard discs is made in Section IV. A similar comparison of the ISCT EoS is performed in Section V in which we demonstrate that the ISCT EoS is able to accurately describe the whole gaseous phase of two-component mixtures of hard spheres and hard discs. The discussion of the obtained results and some possible applications are given in Section VI.
II. DERIVATION OF IST AND ISCT EOS
In the collisions of heavy ions at high energies which are intensively studied nowadays [16] the number of particles is not conserved, since the kinetic energy of particles is comparable with the masses of light hadrons. Nevertheless, the dilute hadronic phase studied at the late stage of these collisions is very successfully described by the hadron resonance gas model [6, 7] which is just the multicomponent VdW EoS with hard-core repulsion. Since in the reactions of strongly interacting particles the fundamental charges, namely baryonic, electric and strange charges, are conserved, we are forces to employ the grand canonical ensemble.
In this work our main target will be a dense gas of hard D-dimensional spheres with D = 2 and D = 3 with subsequent applications to dense hadronic matter. Therefore, the theoretical scheme will be first written for 3-dimensional spheres with the comments on how to re-formulate it to the case of 2-dimensional spheres (discs). Moreover, for the illustrative applications of the general scheme in this paper we will use the typical temperatures for heavy ion collisions being in the range T ∈ [50; 150] MeV and two lightest hadron species, i.e. π-mesons (or pions, the lightest meson) and nucleons (protons and neutrons, the lightest baryons).
In this section we consider the VdW approximation for the hard spheres and then generalize it in order to account for the virial coefficients of higher order.
A. Self-Consistent Treatment of Excluded Volume
Consider the mixture of Boltzmann particles with the hard-core radii {R n ; n = 1, 2, ..., N }. Note that the antiparticles are considered as the independent sorts. Using their second virial coefficients (excluded volumes per par-
one can find the excluded volume of all pairs taken per particle V excl as
where N k denotes the number of particles of sort k.
Opening the brackets in Eq. (2) one gets
Combining the 1-st term with the 4-th one in the numerator on the right-hand side of Eq. (3), and the 2-nd term with the 3-rd one, we can write
or explicitly
Here V k = 4 3 πR 3 k and S k = 4πR 2 k are, respectively, the eigen volume and eigen surface of k-th sort of particles, and the mean radius R is defined as
Using this expression below we will self-consistently find the EoS of such a mixture in the thermodynamic limit.
B. Laplace Transform to Isobaric Ensemble
Our next assumption is that for an infinite system one can replace {N l } in (6) by its statistical mean value N l :
where N l will be calculated self-consistently using the grand canonical ensemble (GCE) partition. In other words, using V excl (5) with R defined by Eq. (7) one can calculate the GCE partition and then find from it R.
Introducing the chemical potential µ k for k-th sort of particles, one can write the GCE partition as (8) where φ k is a thermal density of particles
of k-th sort of particles with the mass m k and the degeneracy factor g k . Eq. (9) is written for the dimension D.
Here p 2 + m 2 k is a relativistic energy of such a particle with the D-dimensional vector of momentum p, while T denotes the system temperature.
The Heaviside step function θ in Eq. (8) is very important, since it ensures the absence of negative values of available volume (V − V excl ) and provides the finite number of all particles for finite volume of the system V . Its presence, however, makes hard the evaluation of the GCE partition (8) . One can overcome this difficulty by making the Laplace transformation with respect to V to the isobaric partition (for an appropriate review see [17] ) defined as
The latter can be calculated by changing the integration variable dV → d(V − V excl ). But before one has to define { N k } in the GCE variables. Using the partial µ k -derivative of the partition (8), one can define N k as
Then Eq. (7) for R can be written as
For the isobaric partition Z ISO (T, {µ k } , λ) (10) one gets
Substituting V excl from Eq. (5) into Eq. (13), one finds
Performing an integration with respect to variable dV in Eq. (14), one can get the compact form of the isobaric partition
where the auxiliary function F(λ, T, {µ k }) is as follows
Now one can find the GCE partition by the inverse Laplace transform
where the integration contour in the complex λ-plane is chosen to the right-hand side of the rightmost singularity, i.e. χ > λ * (see [17] for more details). From Eq. (17) in the thermodynamic limit V → ∞ one finds the system pressure as p ≡ T λ * , since Z GCE (T, {µ k }, V → ∞) ∼ exp(pV /T ) by definition [18] . Similarly to the analysis of Ref. [17] , it can be shown that in the thermodynamic limit V → ∞ the rightmost singularity of the partition (17) is the simple pole λ * which is solution of the equation
Therefore, one can write equation for pressure p explicitly
The second equation comes from the condition (12)
Evidently, for V → ∞, the second term ∝ ln() V → 0 disappears and, hence, one can arrive to the following result
From this equation it is clear that quantity ΣS k is the surface part of free energy of k-th sort of particles which is induced by the hard-core repulsion between the constituents. Therefore, Σ is the IST coefficient. Similarly, one can rewrite Eq. (19) for pressure as
where the partial pressures {p k } of each sort of particles are introduced for convenience. This is the desired system of equations (22) and (23) for the IST coefficient Σ and pressure p, respectively, in the VdW approximation. The latter can be realized from the expression for the effective excluded volume of k-th sort of particles which we define as
It is clear that V ef f k is the excluded volume which stays in the exponential functions in Eqs. (22) and (23) in front of the system pressure p. The right-hand side of Eq. (24) looks as the IH equation in which the mean curvature radius of convex particle of k-th sort is replaced by the mean radius R which is averaged over the statistical ensemble.
Our next step is to generalize the above system in order to take into account the higher order virial coefficients of hard D-dimensional spheres. The idea of the IST approach [5] [6] [7] is that at high densities the mean radius R in Eqs. (22) , (23) and (24) should gradually vanish with the increase of pressure. As suggested in [5] this can be achieved by replacing ΣS k in the r.h.s. of Eq. (22) as
where the auxiliary parameters α k should be fixed in such a way that they describe the higher virial coefficients. Under this generalization Eq. (22) becomes
where Σ k denotes the surface tension coefficient of k-th sort of particles. From the one-and multicomponent systems analyzed in Refs. [5] [6] [7] it is known that even for the case of a single auxiliary parameter α k = const = α the system (23) and (26) allows one to go beyond the VdW approximation. In this work we analyze a more general case of two-component systems.
The reason of why all the parameters α k must be larger than unity becomes clear from the inspection of the effective excluded volume V ef f k of Eq. (24) . Let us rewrite Eq. (24) with the help of generalized equation for the surface tension coefficient (26) in terms of partial pressures as 1 is valid for any S k > 0 and, hence, under the condition α k > 1 the mean radius R ≡ Σ p vanishes, i.e. in this limit the excluded volume of such particles approaches their eigen volume, V ef f k → V k . A success of this scheme motivates us to extend the IST concept and account for the curvature tension in order to widen its applicability range. But before going into numerics, in the next subsection we briefly demonstrate how the curvature tension emerges for the hard-core repulsion. Note that in nuclear physics the role of eigen curvature tension in the binding energy of large nuclei is still under discussion [19, 20, 22, 23] , since in contrast to the binding energy generated by the surface tension it is essentially smaller and, hence, requires more sophisticated methods to be reliably determined. However, it seems that both the eigen and the induced curvature tensions may be important in the vicinity of the critical point of the liquid-gas phase transition [5, 23] . This fact also motivates us to generalize the IST concept.
C. Introduction of curvature tension
Let us now demonstrate how the induced curvature tension naturally appears from the hard-core repulsion. For this purpose we return to the expression (3) for the excluded volume V excl per particle. Now we combine only the 1-st term with the 4-th term on the right-hand side of Eq. (3), and do not combine the 2-nd term with the 3-rd one. For low densities the contributions coming from the 2-nd and the 3-rd terms in Eq. (3) are the same, but this is not the case for high densities and, hence, it is worth to analyze such an approach in more details. In this way one obtains
With the help of the mean radius squared R 2 and the double perimeter C k of the k-th sort of particle defined as
one can rewrite Eq. (28) as
Similarly to the IST case of Eq. (7), for an infinite system in Eqs. (29) and (30) we replace each N l by its value N l averaged over the GCE ensemble
The resulting system will, therefore, include the 3rd equation for/with the term R 2 which can be selfconsistently written in terms of derivatives of the GCE partition
Introducing the curvature tension coefficient K = pR 2 one can cast the resulting system in the VdW approximation as
where we introduced the auxiliary positive constants A > 0 and B > 0, whose meaning will be discussed in a moment. Note that the distribution function of the pressure (33) contains the terms which correspond to the surface and curvature parts of the free energy. This is similar to the realistic extensions of famous Fisher droplet model [24] suggested in [25, 26] which are used to describe the liquid-gas phase transition. However, the principal difference of the derived equations (33)-(35) from the ones suggested in Refs. [25, 26] and used by their followers is that the coefficients of surface Σ ≡ ARp and curvature K ≡ BR 2 p tensions are not the fitting parameters, but are defined by the system (33)- (35) .
An apparent generalization of this system which provides a correct behavior R → 0 and R 2 → 0 in the limit of high densities, i.e. vanishing of the surface and curvature tensions in this limit, is to replace ΣS k → α k ΣS k in Eqs. (34) and (35) , and KC k → β k KC k in Eq. (35), but not in Eq. (34):
Note that for such a choice one finds that partial pressure p l , partial surface Σ l and curvature K l tension coefficient of the particle of sort l are related as
For α l > 1 and β l > 1 from these relations in the limit of high pressure p → ∞ one can immediately deduce that Σ l → ∞, K l → ∞, but even for R l > 0 one finds that Σ l R l p l and K l R l Σ l . Therefore, in this limit one finds Σ = l Σ l = AR p A l R l p l and K = l K l = BR 2 p B l R 2 l p l , where we accounted for the fact that adding the terms with R l = 0 into expressions for Σ and K one does not change the inequality.
Comparing an expression for the average excluded volume (30) with Eqs. (36)- (38) one finds that Eq. (30) corresponds to the choice A = B = 1 2 . However, our experience shows that it is more instructive to consider them as the adjustable parameters. For the hard spheres and hard discs the coefficients A, B, α k > 1 and β k > 1 can be determined either from the third, fourth, fifth and so on virial coefficients or from the best description of the compressibility of the system under investigation. 
III. IST EOS FOR A SINGLE-COMPONENT GAS OF HARD D-DIMENSIONAL SPHERES
In this section we analyze the simplest IST EoS for a one-component system. The equation for system pressure is a one-component version of Eq. (23), while the explicit expression for the surface tension coefficient (26) is
Here α 1 denotes the adjustable parameter.
A. Comparison with Carnahan-Starling EoS
In order to demonstrate the abilities of the IST EoS we compared the compressibility factors Z
obtained from the IST EoS and from the CS EoS (43) found for the one-component gas of hard spheres. In Eq. (42) p is pressure, while the particle number density ρ = ∂p ∂µ 1 should be found from Eqs. (23) and (41).
Some useful formulae for calculating the particle number density ρ can be found in Appendix A.
The compressibility factor of the CS EoS [13] is
where η is a packing fraction of a considered system and V 1 is the eigen volume of a particle. The CS EoS very accurately reproduces 12 virial coefficients of the gas of hard spheres as it is found recently [27] from the Monte Carlo simulations
Using the compressibility factor Z of the IST EoS we calculated the best-fit values for the parameters A and α 1 on different intervals of the packing fraction η. For a minimization procedure we used the mean deviation squaredχ
where the equidistant mesh was used for the packing fraction η n with typical values for N max = 20−50 depending on the length of the studied interval. Such a definition is convenient, since the value χ 2 immediately gives one the mean deviation in percent, while the quantity 2 χ 2 provides a good estimate for the maximal deviation in percent. In Figs. 1 and 2 the compressibility factors of the IST and CS EoS are shown for the gas of nucleons, i.e. g 1 = 4 and m 1 = 938.9 MeV for the fixed temperature T = 100. The variation of the particle number density was achieved by the variation of the nucleon chemical potential µ 1 . From Figs. 1 and 2 one can see that the IST EoS provides a reasonable description with the mean deviation χ 2 2 percent deviation from the CS EoS compressibility factor (43) up to η 0.28 − 0.30 using two parameters only. This is an essential improvement of the hard sphere gas description compared to Refs. [6, 7] which perfectly reproduced the CS EoS up to η 0.2 using a single fitting parameter α 1 . Note that the compressibility factor of the one-component VdW EoS with the hard core repulsion diverges at η = 0.25. 
B. Comparison with Barrio-Solana EoS
Application of the IST and ISCT EoS to model the properties of the gas of 2-dimensional hard spheres (discs) has not only academic interest, but also the practical one. The point is that investigation of the surface deformations of the physical clusters consisting of the constituents of finite size (molecular clusters or nuclei) which is necessary to estimate the temperature dependence of eigen surface tension is a typical task of 2-dimensional discs and clusters made of any number of discs [28, 29] . However, the existing model of surface deformations of physical clusters developed in Refs. [28, 29] employs the high density approximation whereas it seems that for low temperatures the approximation of excluded (2dimensional) volume for the surface deformations is more appropriate.
Bearing in mind such a task for future exploration, in this work we compared the compressibility factors Z calculated from the IST EoS for the gas of hard (hadronic) discs and from the Barrio-Solana (BS) EoS [15] . The compressibility factor of the BS EoS is as follows
To employ Eqs. (23) and (41) of the IST EoS for 2dimensional case one should use the following definitions: V 1 = πR 2 1 and S 1 = 2πR 1 and substitute D = 2 into Eq. (9) for the thermal density of particles.
Using for the BS EoS the definition ofχ 2 given by Eq. (45) we found the best-fit parameter α 1 of the IST EoS for hard discs on different intervals of the packing fraction η. Figure 4 : Same as in Fig. 3 , but for the ratio of compressibility factors of the IST and BS EoS.
IV. IST EOS FOR THE TWO-COMPONENT MIXTURE

A. Comparison with the two-component CS EoS
Further on we apply the IST EoS to description of the two-component hadron gas of hard spheres and compare it with the multicomponent version of Carnahan-Starling EoS known as the Mansoori-Carnahan-Starling-Leland (MCSL) EoS [30] . For the N -component mixture the MCSL EoS pressure reads as
Here we consider a hadron gas as a mixture of the nucleon-like (with the mass m 1 = 938.9 MeV, the degeneracy factors g 1 = 4 and the particle number density ρ 1 ) and pion-like spheres (with the mass m 2 = 138 MeV, the degeneracy factors g 2 = 3 and the particle number density ρ 2 ). For the hard-core radii we used R 1 = 0.39 fm for nucleons and R 2 = 0.13 fm for pions obtained in Refs. [6, 7] from fitting the experimental hadron multiplicities to the hadron resonance gas model. We calculated the compressibility factors Z for different fixed values of temperature T and baryonic chemical potentials µ 1 = 0, µ 2 = 0 for previously obtained sets of parameters (as in Fig. 1 ). The quality is basically the same as in Figs. 1 and 2 .
The simplest two-component version of the IST coefficient (41) is as follows
The results for the IST and MCSL EoS are shown in [31] for the compressibility factor of hard discs two-component mixture supplemented by the Woodcock EoS [32] which is used to model a compressibility of a single component EoS (for more details see Ref. [14] ) where the variable
is expressed in terms of the molar fractions x j ≡ ρ j /(ρ 1 + ρ 2 ) and the diameters σ k = 2R k of hard disc of sort k. Apparently, ρ k denotes the particle number density of the discs of sort k. The quantities b n (n = 2 − 6) in Eq.
(50) denote the reduced virial coefficients of hard discs [33] .
Since for the two-component case the SHDM EoS (49) requires a fixed concentration for each sort of discs, we also fix them as x 1 = 0.25 and x 2 = 0.75 for demonstration purpose. In addition, we implement an extra condition for the fixed ratio of discs diameters σ 2 /σ 1 = 2/3 in order to make a detailed comparison with Ref. [14] .
For 2-dimensional hadron gas of hard discs mixture of nucleons we used m 1 = m 2 = 939.8 MeV and σ 1 = 0.39 fm, σ 2 = 0.26 fm. For such input we calculated the compressibility factor Z for the IST and SHDM EoS and found the best-fit parameters on various intervals of packing fraction η. We considered the case of single α for both constituents and the case of multiple α 1 , α 2 . The results for the interval η ∈ [0.; 0.5] are shown in Fig.  6 . As one can see the results found for a single value of α 2 = α 1 are slightly worse than the ones obtained for the BS EoS shown in Figs. 3 and 4 for the case α 1 = 1.88. For the case of α 1 = 4.74 and α 2 = 1.54 the results with χ 2 4.48 as shown in Fig. 6 are comparable to the ones found for the BS EoS. In principle, the accuracy of few percent achieved by the IST EoS discussed above would be sufficient for the most practical applications in high energy nuclear physics, but in our opinion it is a clear signal that the IST concept has to be extended and supplemented by the curvature term.
V. ISCT EOS FOR HARD D-DIMENSIONAL SPHERES
Let us begin this section from a formal analysis of the IH formula for the excluded volume of a pair of two convex hard particles. Introducing now the equivalent sphere radius as S eigen ≡ 4πR 2 s = S(R s ) and doubled perimeters C 1 (R 1 ) = 4πR 1 and C 2 (R 2 ) = 4πR 2 defined for each mean radius of curvature R k (with k = 1, 2) one can exactly rewrite the IH formula for a pair of identical convex hard particles as
where the notations 
where in deriving Eq. (57) from (56) we used the definitions of R and R 2 and Eqs. (37) and (38) . Comparing Eqs. (52) and (57) one can conclude that the both expressions have the same structure, if one identifies R s ⇔ R, R 2 s ⇔ R 2 , a 2 ⇔ A and (1 −Ã) ⇔ B. Moreover, this means that for low densities at which the EoS of hard spheres is defined by the second virial coefficient the ISCT EoS may be used not only for the hard spheres, but also for the convex hard particles. Besides, this comparison shows that the same excluded volume V IH excl may be reproduced by many sets of parameters and, hence, one can use this freedom to accurately account for higher virial coefficients and not to spoil the description of the second one. Below we demonstrate this for 3-and 2-dimensional hard spheres.
For the one-component gas of hard spheres we found that the set of parameters A = 0.68, B = 1−A, α 1 = 1.14 and β = 3.37 the ISCT EoS exactly reproduces the 2-nd, 3-rd, 4-th and 5-th virial coefficients of the CS EoS. In Fig. 7 the ISCT EoS with such parameters is compared to the IST EoS found for the same value of parameter α 1 = 1.14. As one can see from Fig. 7 for this set of parameters the ISCT EoS works very well up to the packing fraction η 0.2. Also from this figure one can see that the ISCT EoS with the best fit parameters A = 0.57, B = 0.76, α 1 = 1.07 and β 1 = 3.76 is able to provide an essentially better description of the CS EoS for the packing fractions η ≤ 0.45 withχ 2 = 0.6. In other words, the ISCT EoS is able to describe the compressibility of the whole gaseous phase of hard spheres using four parameters only. This is highly nontrivial result, since a comparable quality of description can be achieved by more than 10 virial coefficients of hard spheres. The results for a one-component gas of hard discs are very similar and, hence, they are not shown.
It is interesting that the one-component ISCT EoS may help to qualitatively understand the reason of why the surface tension of small metallic nano-particles of radius R 1 demonstrates the linear dependence on their radius which is justified theoretically in Refs. [34, 35] . Indeed, considering the dense gas of hard metallic spheres close to its solid state from Eq. (37) one can immediately see that the surface tension coefficient Σ R 1 F (p, T ) linearly depends on the radius of hard spheres and on system pressure p and its temperature T . Of course, the attraction which exists among the nano-particles studied in Refs. [34, 35] may be important, but, perhaps, for small values of R 1 the repulsive effects dominate and, hence, the hard-core repulsion manifests itself via the linear dependence of surface tension coefficient on R 1 . Now we turn to the analysis of two-component case. The ISCT EoS results obtained for the mixture of nucleons and pions studied in preceding sections are shown in Fig. 8 . This figure shows one that the two-component CS EoS (47) is very well reproduced by the ISCT EoS on intervals of packing fraction η = 0.4 − 0.45, i.e. almost for an entire gaseous phase of hard spheres. The best fit parameters of ISCT EoS which correspond to Fig. 8 are given in Table I . Note that only with two additional parameters compared to the one-component case we obtained even better quality of the fit. Fig. 9 shows one the ratio of ISCT EoS compressibility factor Z for two-component hadron gas of hard discs to the one of the SHDM EoS (49) with the best-fit parameters up to η = 0.7 for the case analyzed in Section Table. I). Fig. 9 and in Table II .
VI. DISCUSSION OF RESULTS AND PERSPECTIVES
In this work we analyzed the excluded volume of the multicomponent mixtures of hard spheres and hard discs. Table. II).
With the help of the self-consistent approximation we derived the system of equations for the IST and ISCT EoS which define the surface tension coefficient generated by the hard-core repulsion for the IST and ISCT EoS and the induced curvature tension coefficient for the ISCT case. In order to extend the applicability range of the IST approach one has to include into the treatment the curvature tension coefficient. This is done in a general way by requiring that the relative importance of surface and curvature tensions compared to the pressure should weaken at high packing fractions. In practice, we suggest modifying the distribution functions entering the expressions for the induced surface and curvature tension coefficients in order to account for higher virial coefficients of the multicomponent mixtures while keeping the correct values of the second virial coefficients. A comparison of the obtained ISCT EoS with the wellknown one-component Carnahan-Starling EoS for hard spheres and Barrio-Solana EoS for hard discs showed us that it is possible to accurately describe the compressibility factors of these equations for η ≤ 0.3 and η ≤ 0.5, respectively. Basically the same results are found for the two-component EoS of hard spheres and hard discs, if one describes them by the IST EoS. However, we found that the ISCT EoS is able to essentially improve the description of one-and two-component gases of hard spheres and hard discs and to extend it to the entire gaseous phase with the accuracy which exceeds the experimental abilities of modern nuclear physics of intermediate and high energies.
The fact that the same system of equations with the same number of phenomenological parameters, i.e. the ISCT EoS, is able to accurately reproduce the well-known EoS of one-and two-component gases of hard spheres and hard discs evidences that the concept of ISCT captures the correct physics in the grand canonical ensemble. The great advantage of the IST and ISCT EoS for multicomponent mixtures compared to the other multicomponent EoS is that the number of equations which are necessary to be solved does not depend on the number of different hard-core radii in the considered system. Therefore, the IST and ISCT can be used to formulate the more realistic exactly solvable models with the first order liquid-gas phase transition in ordinary liquids, in nuclear liquid and in hadronic matter in order to improve the existing approaches (see, for instance, Refs. [5, 17, 25, 26, 36] and references therein). As it was mentioned above the ISCT EoS can also be used to improve the model of surface deformations of physical clusters and to find out their surface entropy in a spirit of exactly solvable models of Refs. [28, 29] .
Based on the mathematical similarity between the IH formula for the second virial coefficient of convex hard particles and the expression for the excluded volume of two-component mixture obtained here we argue that after some modification the ISCT EoS can be used to model the multicomponent mixtures of convex hard particles of different shapes and sizes. Therefore, this direction of research may be useful to many practical applications for which the exact treatment of EoS is mathematically too complicated, but comparatively simple numerical analysis like the molecular dynamics can provide us with a few virial coefficients of multicomponent mixtures. Clearly, the grand canonical treatment of such multicomponent mixtures will be a good addition and alternative to the well known EoS of multicomponent mixtures of convex hard particles of different shapes and sizes obtained in the canonical ensemble in Refs. [37] [38] [39] . Also, it is apparent that the mathematical scheme outlined here can be generalized to take into account for the attraction between the constituents. It is, however, clear that at low packing fractions such an attraction will decrease the value of induced surface curvature coefficient, while its effect on the curvature tension coefficient may depend on the attractive potential.
The recent analysis of the quantum hard spheres [40] shows that the set of equations which are found directly from the quantum partition function of a multicompo-nent mixture of hard spheres leads, in general, to a different (and essentially more complicated) set of equations for the quantities R and R 2 than the one derived here. Nevertheless, in Ref. [40] it is shown that at low densities the quantum equations coincide with the ones derived here for the induced surface tension coefficient Σ ≡ ARp and for the curvature tension one K ≡ BR 2 p. Furthermore, as it is argued in [40] the multicomponent quantum VdW EoS with the hard-core repulsion is so complicated that instead of its extrapolation to high densities it is more instructive to extrapolate the quantum analog of the system (33)- (35) to high densities. Therefore, the equations for the induced surface tension coefficient Σ ≡ ARp and for the curvature tension one K ≡ BR 2 p derived here for the multicomponent VdW EoS with the hard-core repulsion may be also important for formulating the realistic quantum EoS of multicomponent mixtures of hard discs, hard spheres and hard hyper-spheres of higher spatial dimensions.
